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^ . Abstract 

a^ ■ 

l/-^ I Biconformal spaces contain the essential elements of quantum me- 



chanics, making the independent imposition of quantization unneces- 
sary. Based on three postulates characterizing motion and measure- 
■^ I ment in biconformal geometry, we derive standard quantum mechan- 

^^ ■ ics, and show how the need for probability amplitudes arises from the 

rS^ . use of a standard of measurement. Additionally, we show that a postu- 

late for unique, classical motion yields Hamiltonian dynamics with no 
measurable size changes, while a postulate for probabilistic evolution 
^ . leads to physical dilatations manifested as measurable phase changes. 

Our results lead to the Feynman path integral formulation, from which 
follows the Schrodinger equation. We discuss the Heisenberg uncer- 
tainty relation and fundamental canonical commutation relations. 



1 Introduction 

In this work, we show that conformal symmetry gives rise to the essential ele- 
ments of quantization. Gauging the conformal group, we produce a manifold 
that is naturally equipped with symplectic structure, metric structure, and 
scale invariance. Formulating a measurement theory consistent with these 
structures, we then demonstrate a subclass of solution manifolds for which 
the measurement theory describes quantum mechanics. 

Much recent work has shown that the combination of a symplectic mani- 
fold with a Riemannian metric - often realized elegantly as a Kahler manifold 



- provides a sufficient background to allow quantization. We briefly review 
some of these flndings below. Additionally, we summarize some work on scale 
invariance that reveals close parallels between dilatation factors and quan- 
tum states. Then in the body of the paper, we show, flrst, that these three 
factors occur naturally in biconformal spaces, second, that we can formu- 
late a measurement theory consistent with all three factors, and flnally, that 
on some solution manifolds the standard formulation of quantum mechanics 
follows automatically. 

In recent years, the relationship between symplectic structure and met- 
ric structure on manifolds has been a subject of considerable interest. The 
interplay between these two fundamental structures underlies both classical 
and quantum behavior, providing insights into the very nature of quantiza- 
tion. In classical mechanics, the presence of a symplectic form deflnes the 
characteristics of a classical Newtonian or relativistic phase space, while the 
Euclidean metric is required to make the interpretation of Hamilton's equa- 
tions unambiguous p. Phase space, of course, is essential for the formulation 
of quantum theory. All of the standard quantization approaches, including 
canonical quantization [51, phase space quantization j2j, geometric quantiza- 
tion j4|, and path integral quantization [Sj, embody the uncertainty principle, 
and therefore utilize the fundamental coupling between position and momen- 
tum that is characteristic of phase space and deflned by the symplectic form. 
The work of Berezin jHj and Klauder pQ further establishes that imposing a 
Riemannian metric on classical phase space is sufficient to support quantiza- 
tion. Following along these lines, recent work has shown that the Darboux 
theorem for symplectic manifolds can also play a role in quantum behavior. 
Isidro [7j, [S] demonstrates that there always exists a coordinate transfor- 
mation (similar to Darboux coordinates) that transforms a quantum system 
into the semiclassical regime. That is, the quantum system is transformed 
into a system that can be studied by means of a perturbation in powers of h 
around a certain local vacuum. 

The relationship of dilatational symmetry to quantum theory was flrst 
studied by London. In 0, London showed that dilatation factors of the form 
gO(/) replicate the behavior of the Schrodinger wave function if the constant 
parameter a is pure imaginary. This flnding reflects the close relationship 
between solutions to the Schrodinger equation and the Fokker-Planck equa- 
tion. This relationship was utilized in a diffusive theory formulated by one 
of us (JTW) jnij where dilatational symmetry is used to write a theory of 
quantum measurement. A model for the interpretation of spacetime as a 



Weyl geometry was proposed, based on the hypothesis that a system moves 
on any given path with a probabihty which is inversely proportional to the 
resulting change in length of the system. Consistent with London's result, 
these probabilities were shown to be the Green's functions for a diffusion 
equation instead of describing unitary evolution. Nonetheless, the solutions 
of this diffusion equation are identical to the stationary state solutions of the 
Schrodinger equation if the line integral of the Weyl field equals the action 
functional divided by h. The central results indicated that the presence of di- 
latational symmetry could create inherently quantum behavior in a physical 
system. The theory developed was a consistent, stochastic model of quantum 
mechanics resembling Nelson's theory, which formulates quantum mechanics 
as a classical conservative diffusion process [TT]. Since [TU] predicts that mea- 
surable probabilities involve the product of amplitudes, the theory resolves 
the locality issues of Nelson's formulation. 

All three of these significant structures - symplectic, Riemannian metric, 
and scale invariance - arise naturally within a particular gauging of the con- 
formal group. The biconformal gauging of the conformal group produces an 
8- or 2?7.-dim manifold with local Lorentz and dilatational symmetry (scale 
invariance). The spaces also possess a symplectic form. Because bicon- 
formal gauging preserves the involutive automorphism of conformal weight 
interchange (|I2|-C1I); fields naturally occur in conformally conjugate pairs. 
After gauging, these conjugate pairs become canonically conjugate with re- 
spect to a natural symplectic form given by duj, where u is the gauge field 
of dilatations. Finally, biconformal gauge theory, unlike Poincare gauge the- 
ory, provides a natural metric since the structure constants of the conformal 
algebra produce a non-degenerate group- invariant Killing metric, Kab- 

We will show that the interactions between the dilatational symmetry, 
metric structure and symplectic structure of biconformal space give rise to a 
model that uniquely incorporates classical and quantum behavior as a natural 
consequence of a geometry - without independent quantization. By defin- 
ing measurement in a conformal gauge theory and utilizing the fundamental 
structure, we reproduce a formulation of standard quantum theory. To ac- 
complish this, it is of central importance to note that the biconformal field 
and structure equations admit both real and complex solutions. Combining 
a complex solution of the field equations with a gauge in which the Weyl vec- 
tor is imaginary, we show that transplantation of Lorentz invariant lengths 
produces a phase factor rather than a proper dilatation. Furthermore, since 
measurement in a scale-invariant geometry requires the use of a standard, we 



show that meaningful predictions require a product of conjugate quantities, 
an idea corresponding to the product of a wave function with its conjugate in 
quantum mechanics. Finally, postulating a probabilistic law of motion based 
on physical size changes, we derive a product of Feynman path integrals 
as a measurable prediction of the model. These results are largely due to 
the use of biconformal solutions in which a certain involutive automorphism 
is manifested as complex conjugation. This guarantees non-integrability of 
spacetime curves, and as we show, results in a bracket relation closely related 
to the quantum commutator. 

In addition to a potential arena for quantum mechanics, our choice of 
the biconformal gauging of the conformal group is motivated by its strength 
as a gravity model. In the past, gaugings of the conformal group to create 
a theory of gravity have given rise to unphysical size changes and the pres- 
ence of ghosts. However, these problems are resolved ([15j-^20j) by choosing 
the relativistic homothetic group as the local symmetry of the model (a 
biconformal gauging), which leads to a conformal gravity theory on a 2n- 
dimensional manifold. In addition to its symplectic structure, this theory 
possesses torsion-free spaces consistent with general relativity and electro- 
magnetism. The doubled dimension of the base manifold results in a dimen- 
sionless volume element, making it possible to write invariant actions linear 
in the curvatures |TB] . Wehner and Wheeler demonstrated that the resulting 
field equations lead to the Einstein equation and hence, general relativity, 
on an n-dimensional submanifold. Also, the biconformal gauging can be 
extended to the superconformal group to form a new class of supergravity 
models [T7], which not only produce the Einstein field equations, but Dirac 
and Rarita-Schwinger type equations for fermionic fields as well. Observing 
the success of these gravity and supergravity models it is natural to inquire 
whether the additional structures supplied by the conformal group might 
hold some further physical significance. This paper is an attempt to gain 
insight into this question. While we do not attempt to formulate quantum 
gravity in this work, the simultaneous existence of quantum behavior and 
gravity within biconformal spaces gives the hope that this theory could lead 
to a novel approach to the subject. 

In the next three Sections of this work we introduce our basic postulates, 
each of which deals with a conceptually distinct piece of the physical model. 
The first postulate describes the geometric arena for our considerations, while 
issues of measurement are handled by the second. Finally, we require a pos- 
tulate governing dynamical evolution. We introduce two possible choices for 



this third postulate. The first of these (3A) leads directly to a description 
of biconformal space as a gauge formulation of classical Hamiltonian dynam- 
ics. Our second choice for the third postulate (3B) describes a probabilistic 
evolution of a system which is dependent upon measurable dilatation. It is 
this postulate that leads us to a formulation of standard unitary quantum 
mechanics. Section 5 comprises a brief summary of our results. 

2 The physical arena 

The space in which we live, act and measure was postulated by Newton to 
be 3-dimensional and Euclidean. By the early years of the last century, the 
dimension was increased to four, and within another decade the geometry 
became Riemannian. With the advent of quantum mechanics, it gradually 
became clear that other spaces - phase space and Hilbert space - play es- 
sential roles in our understanding of the world. Even more dramatically, 
Kaluza-Klein field theories and string theory have, over the last fifty years, 
been formulated in dimensions as high as 26, while other geometries as diverse 
as lattices and spin foam have been used to study quantum gravity. 

We seek a physical arena which contains 4-dim spacetime in a straight- 
forward way, but which is large enough and structured enough to contain 
all known physics. This arena should follow from fundamental principles. 
Since all known fundamental interactions are described by gauge theories 
based on Lie groups, we seek a gauge theory of a fundamental symmetry. 
To choose the symmetry, our best guide is to observe the constraints placed 
upon physical models by experiment. Specifically, we note that laboratory 
measurements are necessarily unaffected by rotating, boosting, or displacing 
our experimental apparatus. Moreover, every measurement requires the use 
of a standard to be meaningful. Measured magnitudes must be expressed 
as dimensionless ratios. Examples of this include measuring time relative 
to the oscillations of Cesium in atomic clocks or measuring masses in MeV. 
We therefore demand invariance under scalings (i.e. choice of units), global 
Lorentz transformations and translations (see postulates 2 & 3, below). The 
Lie group characterizing these invariances is the conformal group (O (4, 2) or 
its covering group, SU{2, 2)). We now require a gauge theory of the confor- 
mal group. 

Conformal gauge theories have been studied extensively. Discussions of 
these are provided in (|13j-j2(|). We write the generators of the conformal 



group as follows: Lorentz transformations, M^ = —M^a = Vac^b'-i transla- 
tions, Pa'i special conformal transformations, X"; and dilatations, D; where 
a, &,... = 0, 1, 2, 3. The commutation relations of these generators are given in 
Appendix A, and a discussion of certain representations is given in Appendix 
B. Among the properties of conformal symmetry reviewed in Appendix B, we 
note the existence of two involutive automorphisms of the conformal algebra 
Sn];^l]- The first acts on the generators according to: 

cTi : {Ml P„, K\ D) ^ {Ml -F„ -K^ D) 

and identifies the residual local Lorentz and dilatation symmetry charac- 
teristic of biconformal gauging. This involutive automorphism corresponds 
to 

a,:{MlPa)^{Ml~Pa) 

for the Poincare Lie algebra, or 

a, -.{Ml Pa, D)^ {Ml -Pa, D) 

for the Weyl algebra. However, the conformal group admits a second invo- 
lution that is not possible in the Poincare or Weyl cases, namely, 

a2 : {Ml Pa, Kl D) ^ {Ml K^, P", ~D) 

This automorphism interchanges translations and special conformal trans- 
formations while inverting the conformal weight of dilatations. 

Some representations of the conformal algebra, notably su{2, 2), are nec- 
essarily complex. In such complex representations f72 can be realized as 
complex conjugation. Specifically, suppose we can find a representation in 
which Pa and Ka are complex conjugates, while M^ is real and D pure 
imaginary. Then cr2 is equivalent to complex conjugation. Representations 
(and/or choices of basis within a representation) with this property will be 
called ac -representations and biconformal spaces for which the connection 
1-forms (and hence curvatures) have this property will be called ac-spaces. 
Examples of ac-representations are given in Appendix B. It is important 
to notice that ac-representations do not exist for geometries based on the 
Poincare or Weyl groups. 

In this work, we use the biconformal gauging of the conformal group jT3] . 
This choice automatically provides us with an arena containing symplectic, 



metric, and scale invariant structures. Furthermore, as we will show, the ac- 
representations give these structures a form consistent with unitary evolution. 
We therefore postulate. 

Postulate 1; The physical arena for quantum and classical physics is a ac 
biconformal space. 

As noted in the introduction, biconformal gauging of the conformal group 
provides three properties that prove essential in constructing a quantum the- 
ory: symplectic structure, a Riemannian metric, and scale invariance. We 
discuss each in turn. 

Symplectic structure, is present in all known solutions to the biconfor- 
mal field equations. We note such a symplectic biconformal manifold may 
provide the ideal background for describing quantum phenomena, since the 
uncertainty principle makes the need for a phase-space-like formulation clear. 
The symplectic form arises as follows. Gauging D introduces a single gauge 
1-form, uj, called the Weyl vector. The corresponding dilatational curvature 
2-form is given by 

n = duj-2uj''ua, (1) 

where u"", Ua (note that uja = Vab^'^ for o-^-reps) are 1-form gauge fields of the 
translation and special conformal transformations, respectively, which span 
the 8-dimensional space mentioned above as an orthonormal basis. In this 
work, differential forms are written in boldface, the overbar denotes complex 
conjugation, and the standard wedge product is implied in all multiplication 
of differential forms, uir = u Air. 

For all torsion-free solutions to the biconformal field equations, the di- 
latational curvature takes the form, 

n = KU^Ua (2) 

with K constant, so the structure equation becomes, 

duj = {k + 2) U^Ua. (3) 

As a result, since u)"',uja span the space, duj is manifestly closed and non- 
degenerate, hence a symplectic form. 

The second important consequence of conformal symmetry, as noted in 
the introduction, is the biconformal metric. The metric arises from the group 
invariant Killing metric, 

i^En = c^E^c^n"", (4) 
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where c^-^ (S,n,... = 1,2, ...,15) are the (real) structure constants from 
the Lie algebra. Unlike the Killing metric of the Poincare or Weyl groups, 
this metric has a nondegenerate projection to the base manifold. The 8-dim 
biconformal manifold spanned by Pa and K"^ therefore has a natural pseudo- 
Riemannian metric. With the structure constants as in Appendix A, Eq.()49|). 
this projection takes the form 

Kas = ( "■" ) . 

V Vab J 

where A, B = 0,1, ... ,7. Notice that Kab has zero signature. 

Finally, we note that biconformal spaces possess local scale invariance, 
and the structure equations and field equations following from the linear 
bosonic and supersymmetric actions both admit o"c-solutions. 

3 Measurement in biconformal geometry 

In building any physical model, it is important to be clear about the rela- 
tionship between the geometry and physical measurements. If biconformal 
space is to supply a successful model for physical processes, a necessary first 
step is to discuss the properties a theory of measurement must possess. In 
particular, the presence of a non-vanishing Weyl vector in these spaces leads 
to differences from Newtonian or relativistic measurement theories. When 
the dilatational curvature built from the curl of the Weyl vector does not 
vanish, vector lengths change nonintegrably about the manifold and we re- 
quire an equivalence class of metrics rather than a unique metric. As Ein- 
stein observed of Weyl's attempt to form a theory of electromagnetism using 
scale- invariant geometry J2I], the presence of dilatation curvature can cre- 
ate unphysical size changes. Any theory embodying scale invariance must 
address the consistency between any occurrence of physical size change and 
experimental results. 

To discuss the effect of dilatations on physical fields, it is useful to define 
conformal weights. Given a set of objects on which the conformal group acts, 
we can define the subclass of definite conformal weight (or definite scaling 
weight) objects. The conformal weight, w, of a definite weight field, F, is 
then given by 

D^:F^ e""^F. (5) 



where the transformation, D^, is a dilatation by a positive function, exp ip. In 
the presence of a generic Weyl field, tensors of nonzero or indefinite conformal 
weight acquire values dependent upon their history. The resulting difficulties 
experienced in performing measurements in Weyl geometries are outlined in 
PUJ . However, measurement may be unambiguously defined for objects of 
vanishing conformal weight. We therefore demand the same postulate for 
biconformal space that ^Ul did for Weyl geometry. 
We therefore assume: 

Postulate 2: Quantities of vanishing conformal weight comprise the class 
of physically meaningful observables. 

For a field with nontrivial Weyl weight to have any physical meaning, it 
must be possible to construct weightless scalars by combining it with other 
fields. One situation in which this is easy to accomplish is the case of conju- 
gate fields. We can use the symplectic form of biconformal space to generate 
fields in canonically conjugate pairs. Because the symplectic bracket, de- 
fined below, is dimensionless, such pairs are also conformally conjugate. This 
property holds for both the conformal and super conformal groups. With this 
property, the product of a field and its conformal/canonical conjugate always 
provides a measurable quantity and we are guaranteed to have measurable 
consequences even of weightful fields. We also note that zero-weight fields 
are self-conjugate. 

3.1 The biconformal bracket 

We make the preceding comments concrete as follows. First, we examine the 
symplectic structure of biconformal spaces. 

The symplectic form, = cj'^a'a, defines a symplectic bracket for the 
space. Let have components 6 a/ at, and inverse 9*^^^, in a coordinate 
basis u^^ = (x^^^y^j . Then we define the biconformal bracket of two fields / 
and g, to he 

For a real solution to the field equations, the fields are conjugate if they 
satisfy the fundamental biconformal bracket relations, 

{f,9} = 1, (7) 

{/,/} = {9,9} = 0- (8) 



These relationships are analogous to the standard Poisson bracket relation- 
ships of classical mechanics. 

For (Tc-representations, a; is a pure imaginary 1-form since it is defined 
to be the dual to the dilatation generator, D, which is pure imaginary (See 
Appendices A, B, and C). Consistent with this, we see that under complex 
conjugation, 



= -OJ^O^a (9) 

and we conclude that the dilatational curvature and the symplectic form are 
imaginary. That D is imaginary while Pa and K"^ are complex conjugates of 
one another is further confirmed by the form of the supersymmetric structure 
equations ( J7], [22] )• It is of central importance to our results that the use of 
a complex gauge vector is consistent with real gauge transformations. This 
fact follows from the particular form of the conformal Lie algebra, and is 
not true of the Poincare or Weyl algebras. Further discussion is presented in 
Appendix C 

As a result of Eq.(jHl), the fundamental brackets take the form 

{f.g} = ^, (10) 

{/,/} = {9,9} = 0. (11) 

Note that since du is the defining symplectic form, these relationships are 
consistent with conformal weight. For the fields / and g given above, we 
have 

Wf = -Wg. (12) 



4 Motion in biconformal space 

We now come to the description of motion in a biconformal geometry. The 
case of classical motion has been discussed in detail in |23j. The analysis of 
[2ni establishes the phase space interpretation of a real, 6-dim biconformal 
geometry. Here we develop similar salient features for generic biconformal 
spaces and add further development. Following this, we turn to our discussion 
of quantum mechanics. 

10 



The classical/quantum distinction hinges on the choice of our final pos- 
tulate and on representation. Postulate 3A leads to Hamiltonian dynamics 
(in any representation) while Postulate 3B leads to quantum mechanics in a 
(Jc-representation. Both formulations rely on identifying the integral of the 
Weyl vector with a multiple of the classical action, S. 

In an arbitrary biconformal space, we set either 

1^S = ^ f LdX= fuj= f (W^dx"" + W^dy"") (13) 

or 

l^S = ^ f LdX= [10= f (Wadx" + Wo^dy"") , (14) 

where we take the proportionality constant to be Planck's constant and the 
second form holds in a ac-representation for the conformal group. As we 
shall see, the value of this constant has no effect on the classical model, 
while it will give agreement with experiment in the quantum case. Notice 
too, we have written the Lagrangian with an arbitrary parameter A since the 
integral of the Weyl 1-form is independent of parameterization. Finally, we 
observe that the gauge freedom inherent in the Weyl vector is consistent with 
known freedom in the action since adding a gradient to Wa = {Wa, Wp) is 
equivalent to adding a total derivative to the Lagrangian. 

The integral of the Weyl vector, / a;, is the essential new feature of scale 
invariant geometries and as we show below, governs measurable size change. 
As shown in Appendix C, under parallel transport, the Minkowski length of 
a vector, V"", changes by 

/ = /oexp / uj , (15) 

where f' = rjapV^V^. This change occurs because the Minkowski metric 
Va-P = diag{—l, 1, 1, 1) is not a natural structure of biconformal space. As 
a result, lengths computed using rjap are not invariant in biconformal space. 
This is in contrast to lengths computed with the Killing metric K^b- In gen- 
eral, as a result of the off-diagonal structure of the biconformal metric, Kab, 
lengths computed with this biconformal metric are of zero conformal weight. 
In a cr^-representation, the Weyl vector is imaginary, so the measureable part 
of the change in I is not a real dilatation - rather, it is a change of phase. 

4.1 Postulate 3 A: Classical mechanics 

We achieve a formulation of Hamiltonian dynamics once we postulate: 

11 



Postulate 3 A: The motion of a (classical) physical system is given by ex- 
trema of the integral of the Weyl vector. 

Of course this is true of the action, but here we examine the variation in 
terms of the Weyl vector. Biconformal spaces are real symplectic manifolds, 
so the Weyl vector may be chosen so that the symplectic form satisfies the 
Darboux theorem for symplectic manifolds 



u = Wadx" = -Vadx" (16) 

where x" and ya are coordinates on the space. For ac-representations, the 
Darboux theorem still holds, with 

uj = Wadx"" = -tyadx" (17) 

The classical motion is independent of which of these forms we choose. 
Illustrating with the ac-case, the symplectic form is 

e = dcj = - idyo^dx" . (18) 

As a result of this form, the pair {x°',ya) satisfies the fundamental biconfor- 
mal bracket relationship 

{x'^,yfs} = t6^. (19) 

It is straightforward to show canonical transformations preserve this bracket 
whether the i is present on the right or not. 

From Eq.(fT^ it follows that yp is the conjugate variable to the position 
coordinate x" and in mechanical units we may set ya = apa, where Pa is 
momentum and a is a constant with units of inverse action. Then, 



iaS = I LU (20) 

: I {podt + pidx') . (21) 



-la 



It is important to note that for the classical results, a may any constant with 
appropriate dimensions. The classical theory does not contain any particular 
choice of natural constants. 
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4.1.1 One particle mechanics 

In keeping with the usual assumptions of non-relativistic physics, we require t 
to be an invariant parameter so that St = 0. Then varying the corresponding 
canonical bracket we find 



= 6{t,po} 

= {5t,po} + {t,Spo} 
djSpo) 
dpo 



(22) 



Thus, Spo depends only on the remaining coordinates, Spo = —6H{yi,x^,t); 
the existence of a Hamiltonian is seen to be a consequence of choosing time 
as a non-varied parameter of the motion. 

Applying the postulate, classical motion is given by ^S* = 0. Variation 
leads to. 



= iaSS = —ia (6podt + 6pidx^ — dpiSx^)) (23) 

// PjTJ PjTJ \ 

-T—dx'dt - ^:—5pidt + Spidx' - dpiSx') , (24) 
\ ax* opi J 

which immediately gives us Hamilton's equations for the classical paths. 

= -^—dt + dx\ (25) 

dpi 

= -—dt-dp,. (26) 

Notice that even if i and a are present initially, they drop out of the equations 
of motion. 



4.1.2 Multiparticle mechanics 

We revist Postulate 3 A when more than one particle is present. In the 
case of A^ particles, the action becomes a functional of A^ distinct curves, 

a,t = i,...,N 



r 
iaS = J2 ^- (27) 
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As for the single particle case, the invariance of time constrains Pq. However, 
since uj = —yadx°' is to be evaluated on A^ different curves, there will be A^ 
distinct coordinates x" and momenta, p^. We have 

= 6{xl,p^,} 

= {6xl,p-} + {xl,6p-,} 
d{5p-,)dxl 



dpo dxl 



(28) 



Now, since time is universal in non-relativistic physics, we may set xj^ = t 
for all m. Therefore, -^ = 1 and we have 

which implies that each p^ is a function of spatial components only. 



Po=Po{4,Pi) 



This means that each Pq is sufficiently general to provide a generic Hamil- 
tonian. Conversely, any single A^-particle Hamiltonian may be written as a 
sum of A^ identical Hamiltonians, 

1 ^ 



N 



SO that eq. ()27j) becomes 

iaS = y^ / 



i=l " "^^ 



-ia Y^ / (-Podt + p^dx\ 
i=l ■'^^ 

zaf (H{xlp1)dt-Y.P'ldxi] 
•'^i \ i=i J 



The introduction of multiple biconformal coordinates has consequences 
for the biconformal structure equations, for once we write the dilatational 
gauge field as 



N N 

UJ = -laj^pldx'^ = -iJ^Vadx^ 

i=l i=l 
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then 

N 
i=\ 

and the structure equation 

do; = uj°'uja 

must be modified to include the proper number of degrees of freedom. We 
therefore write 

da; = cj^w" 

n a 

The remaining structure equations are satisfied by simply making the same 
replacement, (a;", uja) -^ (w^, w") . Thus we see that the introduction of mul- 
tiple particles requires multiple copies of biconformal space, in precise cor- 
respondence to the introduction of a 6A^-dim (or 8A^-dim) phase space in 
multiparticle Hamiltonian dynamics. Here, however, the structure equations 
require this extension. 

4.1.3 Measurement 

In the presence of non-vanishing dilatational curvature, we can consider a 
classical experiment in which we could hope to measure relative size change 
with a real Weyl vector (or relative phase change with an imaginary Weyl 
vector). Suppose a system of length, /q) moves dynamically from the point 
xo to the point x\, along an allowed (i.e., classical) path C\. In order to 
measure a relative size change, we must employ a standard of length, i.e., 
a ruler with length, Aq. Suppose the ruler moves dynamically from xq to 
X\ along any classical path C^- If the integral of the dilatational curvature 
over surfaces bounded by C\ and C2 does not vanish, the relative sizes of the 
two objects will be different and form a direct contradiction with macroscopic 
observation. That is, since the ruler is our standard, any observed size change 
is attributed to the object. This difference is determined by the integral of 
the Weyl vector, as discussed above. Therefore, for our object and ruler, the 
new ratio of lengths will be given by the gauge independent quantity, 

I lo f ^0 / 

-- = -— exp / u = -— exp f u 

A Ao JC1-C2 Ao J 

= T— exp / / do;, (30) 



Ao J Js 
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where S is any surface bounded by the closed curve Ci — C2. It is important 
to note at this point that though we are discussing two distinct systems (the 
ruler and the object) there is only one Weyl vector. That is, the Weyl vector 
is a one- form specified over the whole space, from which we see that 



dc<; = 

s 

by the existence of Hamilton's principal function. Therefore, no dilatations 
are observable along classical paths. This result also holds whether the Weyl 
vector is real or imaginary. 

If the integral of the Weyl vector is a function of position, independent 
of path, then it is immediately obvious that no physical size change could be 
measurable! Consider our original comparison of a system with a ruler. If 
both of them move from xq to Xi and the dilatation they experience depends 
only on Xi, then at that point they will have experienced identical scale 
(or phase) factors. Such a change is impossible to observe from relative 
comparison. 

For the real case this observation can also be formulated in terms of the 
gauge freedom. Since we may write the integral of the Weyl vector as a 
function of position, the integral of the Weyl vector along every classical 
path may be removed by the gauge transformation (221 

e-"'^(^\ (31) 

Then in the new gauge, 

jw'Jx'' = f {Wa-ad^S{x))dx'' 

= / Wadx" — aS{x) 

= (32) 

regardless of the (classical) path of integration. Note that we have removed 
all possible integrals with one gauge choice. It again follows that no classical 
objects ever display measurable length change. In the complex case, the 
phase changes cannot be removed by gauge choice, but they are nonetheless 
unobservable. 

We now turn to an alternative postulate for motion, which leads to quan- 
tum mechanics. 
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4.2 Quantum mechanics 

We have shown that there is no measurable size change along classical paths 
in a biconformal geometry. For systems evolving along other than extremal 
paths, however, dilatation may be measurable. Historically, physical dilata- 
tion has been the principal difficulty with the interpretation of Weyl and con- 
formal geometries. In his original theory of electromagnetism, Weyl equated 
the gauge vector of dilatations to the electromagnetic vector potential. This 
equation is unsatisfactory because it implies, for example, substantial broad- 
ening of spectral lines in the presence of electromagnetic fields. Research 
over the following decade replaced the scale invariance with U{1) invariance, 
paving the way for modern unitary gauge theories. 

As we have shown, identification of the Weyl gauge vector as the La- 
grangian leads to a satisfactory classical theory. Measureable dilatation then 
requires non-classical motion. Since such motion is claimed to occur in quan- 
tum systems, we may ask the following question: can quantum phenomena 
be understood as in some sense due to observable dilatations? Answering 
this question requires a formulation of measurement in a scale invariant ge- 
ometry that can be compared to the rules for quantum measurement. First, 
we require a law of motion that allows non-classical paths in a generic Weyl 
or conformal geometry. For this, we postulate a probabilistic time evolu- 
tion, weighted by dilatation, so that the classical paths remain the most 
probable. Second, we need a gauge invariant way to compare magnitudes in 
such a theory. To build a gauge invariant quantity we average over paths to 
get a probability for a system evolving from one location to another. Then 
we compare magnitudes according to postulate 2, forming a ratio with an 
appropriate standard. 

With these ideas in place, we are in a position to compare the biconformal 
and quantum theories. We find that when the geometry is a ac-biconformal 
space, the description is indeed in agreement with quantum prediction - the 
imaginary Weyl vector produces measurable phase changes in exactly the 
same way as the wave function, and the use of a standard requires the prob- 
ability to be expressed as the product of conjugate probability amplitudes. 
We are therefore justified in answering the question in the affirmative - in a 
crc-representation, measurement of dilatations may be identified with quan- 
tum effects. Thus, our model describes quantum measurement as the result of 
measurement of non-classical motion in a (scale-invariant, phase-space-like) 
(Jc-biconformal geometry. 
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Note that real and complex systems are solutions to the same set of 
biconformal structure and field equations. Since our goal is to formulate a 
theory of measurement for generic biconformal spaces, both sets of solutions 
must be interpreted according to the same rules, even though measurements 
of real and ac-reps look very different. In the first case, the connection is real 
so motion produces physical size changes. In the second, we have measurable 
phase changes. Because the real case is more directly geometric, we formulate 
the measurement theory for real solutions and then require that these same 
rules apply in the ac-ca.se. 

Postulate 3A for classical motion assumes that a system evolves along a 
unique path. If instead we take the more epistemologically sound view that 
if we do not measure the particle we do not know where it is, we can arrive 
at a more correct result. Thus, we assume size change is not impossible, but 
merely an improbable event - that in some sense, changing size requires some 
sort of dynamical effort. With this in mind we postulate lOj: 

Postulate 3B: The probability that a system will follow any given infinitesi- 
mal displacement is inversely proportional to the dilatation the displacement 
produces in the system. 

Because this form of the postulate is gauge dependent, it is useful to state 
the postulate in the following gauge-invariant way, found by integrating the 
previous form around a closed path: 

Postulate 3B (invariant form): The relative probability of a system evolv- 
ing along two paths, Ci, C2 with common endpoints is 

P = min < t C1-C2 ^ qJC2-Ci 

We use this postulate to derive measurable correlates of motion. Note that 
biconformal space provides us a priori with the existence of a probability: 
the probability Pab{M) of finding a value M at point B for a system which 
is known to have had a value Mq at point A. Finding Pab{M) is tantamount 
to finding the fraction of paths the system may follow which lead to any 
given value of M. 

4.3 Motion with the postulate 3B 

We would like to use the third postulate to predict the outcome of motion 
of a physical body. To begin our investigation, we will consider the motion 
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of a one dimensional object. Consider a rigid rod of initial length Iq, located 
at point Xq at time tg. For simplicity we first consider only spacetime (x") 
displacements, neglecting any momentum (pa) dependence of the problem. 
We wish to find the probability that the rod will arrive at a point x\ at time 
ti, via a path C. However a number of issues present themselves at this 
point. First, we recognize that every measurement of a physical magnitude 
is a comparison. That is, at a given point, we cannot measure the size 
of an object without locally comparing it to a standard. For the present 
example, let our standard of length be a ruler of length Aq. Then our physical 
prediction will involve only the dimensionless ratio, 

!^. (33) 

We apply postulate 3B to this ratio. Since the probability of an infinitesi- 
mal displacement is postulated to be inversely proportional to the change in 
length, the probability of following a curve C is inversely proportional to the 
total change in length along the curve. To make this precise, we define the 
probability density of the rod following a particular path, C, to be equal to 
the following ratio, 

/ f ■ ^iftheroddecreasesinrelativelength 
If"'' x^ftherodincreasesinrelativelength 



Without loss of generality we may discuss. 



GiC) = j-^. (35) 

The effect of dilatation on the length of the rod is given (in an arbitrary, 
fixed gauge) by 



/ = Iq exp / uj . (36) 

•^ o 

Next, we want to use this probability density to predict the location of the 

rod at a later time. This probability is the average over all curves C with 

endpoint x\, 




P(x\) = jvlxc] 

^ /l,M(Aexp(-/^.)). (37) 
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So far we have said nothing about the ruler. If we wish to comment on the 
length of the system, we also have to concern ourselves with what happens 
to our standard of length. By definition, A is constant, but the actual ruler 
must also evolve according to the rules of the geometry. Since our act of 
measurement assumes only a measurement of the ratio j at the initial and 
final points, we cannot know what path the ruler has taken. To resolve this 
dilemma, we also average over all possible routes, C", for the ruler. This gives 
a second, independent path integral, so the result is gauge invariant and a 
probability, 

P{x\) = Jv[xc']lv[xc] (exp (^l^u^ exp (-^^)) • (38) 

Notice the product of the two line integrals is properly gauge invariant: 



Furthermore, since the sets of paths C and C are independent, the path 
integrals separate: 



P(x\) = lv[xc']exp(^l^cu^ lv[xc]exp(^-l^ 
= Vix\)Vi-x[) 



c . 



= r{x\)V{x\), (40) 

where V{x) is simultaneously the probability amplitude of the conformally 
conjugate system reaching xi along a forward oriented path, and the con- 
formal conjugate of V{x\). Notice that the probability depends only on a 
dilatation factor which is the same for any object (or standard) having units 
of length. For this reason, the answer is expressible as the product of an am- 
plitude with its conformal conjugate, rather than the product of two totally 
unrelated amplitudes. It is interesting to see how the use of probability am- 
plitudes follows from our need to employ a standard of length, and further, 
that the contribution of this standard ruler enters the problem symmetrically 
with the object under study. 

This construction has been developed for a generic scale invariant geom- 
etry, and the result Eq. ljinjl is similar to that obtained in jTO]. However, as 
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discussed in the introduction, there are important differences. Performing 
the construction in biconformal space, the Weyl vector automatically takes 
the required momentum-dependent form. Because of the symplectic struc- 
ture, conformal conjugacy is automatic. But the most important difference 
between the current formulation and that of JU] arises because the conformal 
algebra admits nontrivial uc-representations. 

We immediately recognize quantum mechanics when we look at the dy- 
namical and measurement theories in a crc-representation. Since, in this case, 
the Weyl vector is pure imaginary (up to gauge), each factor in Eq. (pn|) is 
a standard Feynman path integral. The Schrodinger equation follows from 
the Feynman path integral in the usual way (|ni,EZl)- This is a marked dif- 
ference from jTU] and real biconformal representations, in which the Weyl 
vector is real and Eq. ljlUI) is comprised of Wiener path integrals. In contrast, 
here the phase invariance of a wave function, -0' = e^'^ip is created by the ac- 
conformal invariance, M' = e^^M. The i in the Weyl vector is the crucial 
i noted by London in 1927 [H]. He showed that the complex valued length 
dilatation factor eJ '^ is proportional to the complex valued Schrodinger wave 
function. Shortly thereafter, Weyl used this fact to develop the U{1) gauge 
theory of electromagnetism. Here the i occurs despite the fact that we are 
working with real dilatations due to a combination of two factors. First, we 
have chosen to use a crc-invariant representation of the conformal algebra, 
which makes the configuration space non-integrable (see Section 4.4 below) 
and the Weyl vector imaginary. Second, we have imposed a non-invariant 
metric structure on the spacetime subspace of biconformal space. Because 
this metric is not a natural biconformal structure, its covariant derivative 
does not vanish and there is no necessary reason for it to be dilatationally 
invariant. 

Clearly, both the dilatation function and the biconformal path generically 
depend on both spacetime and on momentum variables. Therefore, the path 
integrals in Eq. ()40|) may immediately be generalized to the usual double path 
integral of quantum mechanics (see P7j). 

V{x\) =Jv [xc] V [yc] exp {^j^ u^j . (41) 

We now examine further properties of ac-symmetry and non-integrability. 
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4.4 Absence of a submanifold 

In the biconformal gauging of 0(4, 2), the 8-dini base manifold is spanned by 
the solder, u"", and co-solder, uja, forms satisfying the pair of Maurer-Cartan 
structure equations 

du" = ujIJ' + cju;'^ , (42) 

duJa = UJ^a^b + ^a^ ■ (43) 

Inspection of Eq.(021) shows that for the flat space, the solder form is in 
involution ^Hl- The Frobenius theorem |2H|; [211 then guarantees the exis- 
tence of a 4-dimensional submanifold within the 8-dimensional biconformal 
space. This space is spanned by the co-solder form oja and is obtained by 
setting the solder form uj"" equal to zero. This division of the space breaks 
the cr2-symmetry between the solder and co-solder forms. 

In a (Tc-representation, the biconformal gauging of the conformal group 
again gives rise to an 8-dimensional space, but in this case, the solder form 
is not in involution due to the fact that the solder and co-solder forms are 
complex conjugates. As a result, Eq. lj^ is the conjugate of Eq. lj^ . If we 
attempt to set the solder form to zero then by conjugacy, the co-solder form is 
also zero. Clearly, in the case of any (Tc-representation, we will not have invo- 
lution of the solder form. The failure of the space to break into space-like and 
momentum-like submanifolds results in a fundamental coupling between mo- 
mentum and position in the space. This structure is indicative of a quantum 
non-integrability, with similarity to the Heisenberg uncertainty principle. 

Suppose our symplectic form is written in Darboux form. Then the sym- 
plectic bracket of x° and yp is 

where x"^ = (x",?//?). By virtue of the above bracket relation, i/a has units 
that are inverse to those of x". We can create a momentum variable by 
dividing the y^ coordinate by a constant with units of action, as stated 
before. However, the value of the constant is now measureable. We get 
agreement with experiment by choosing the momentum coordinate to be. 
Pa = hya- This gives Planck's constant the interpretation equivalent to 
that of the speed of light in special relativity. The speed of light gives time 
the geometric units of length, while Planck's constant gives momentum the 
geometric units of inverse length. 

22 



Note the similarity to canonical quantization, with ih times the Poisson 
brackets going to commutators of operators. Here we achieve the factor of 
ih automatically from the ac-representation. 

K,p4 = zM^. (45) 

The natural symplectic bracket of biconformal space resembles the Dirac 
bracket of quantum mechanics, although at this point x",p/3 remain func- 
tions, not operators. However, observe that we may define an operator, on 
functions of x", as 

Pa = {Pa,-} (46) 

d 

= -tn^ (47) 

ax" ^ ^ 

Thus, the standard form of the energy and momentum operators is a con- 
sequence of the biconformal bracket. Other standard elements of quantum 
mechanics - notably the usual uncertainty relation, the introduction of op- 
erators, Hilbert space, etc. - follow from the Feynman path integral. Thus, 
our formulation is fully equivalent to quantum mechanics. 



5 Conclusion 

We have developed a new interpretation for quantum behavior within the 
context of biconformal gauge theory based on the following set of postulates: 

(1) A o"f;-biconformal space provides the physical arena for quantum and 
classical physics. 

(2) Quantities of vanishing conformal weight comprise the class of physi- 
cally meaningful observables. 

(3) The probability that a system will follow any given infinitesimal dis- 
placement is inversely proportional to the dilatation the displacement pro- 
duces in the system. 

From these assumptions it was argued that an 8-dim ac-biconformal man- 
ifold is the natural space of classical and quantum behavior. The symplectic 
structure of biconformal space is similar to classical phase space and also 
gives rise to Hamilton's equations, Hamilton's principal function, conjugate 
variables, and fundamental Poisson brackets when postulate 3 is replaced by 
a postulate of extremal motion. On this phase space, we have shown that 
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classical paths do not produce dilatational size change. As a result, no un- 
physical size changes occur in macroscopic observation. This fact overcomes 
a long-standing difficulty in utilizing conformal symmetry. In addition, as 
a central premise of this work we claim dilatational symmetry is the key to 
understanding the difference between classical and quantum motion. While 
classical paths experience no dilatation, quantum motion does. 

Using a a"(7-representation for the conformal group, we obtain a Weyl vec- 
tor that is pure imaginary. Despite this complex gauge vector, dilatational 
symmetry behaves like a real scaling on dimensionful fields. As is character- 
istic of Weyl geometries, relative magnitudes are found to change when their 
paths enclose a nonzero dilatational flux. However, they do not experience 
real size changes. Rather, using the Minkowski metric and an imaginary 
Weyl vector, we find that the measurable dilatations are phase changes. 

The presence of dilatation symmetry and the resulting spacetime phase 
changes lead us to quantum phenomena. The properties of biconformal space 
determine the evolution of Minkowski lengths along arbitrary curves. Com- 
bining this with the classically probabilistic motion of postulate 3B, together 
with the necessary use of a standard of length to comply with postulate 2, 
we conclude that the probability of a system at the point x" arriving at the 
point X2 is given by. 



= Vix\)Pi-x\) 



c 



= V{x\)V{x\), (48) 

where we are performing a path average over all paths connecting x" and 
X2 . Eq. PHj) reproduces the standard Feynman path integral of quantum 
mechanics which is known to lead to the Schrodinger equation. It is the 
requirement of a length standard that forces the product structure in Eq.(|iH|). 
As in pUj, it is significant that in the biconformal picture, the superposition 
principle will still hold because of the linearity of the Schrodinger equation. 
In addition. Bell's inequalities [30J will still be satisfied since in each case the 
physical probability is computed as the conjugate square of the time evolved 
field. 

In addition, we find that the cJc-representation implies a lack of invo- 
lution on the biconformal base manifold. From this, we see a fundamental 
entanglement between the conjugate variables x and p. Transport around 
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a spacetime path necessarily seeps into the momentum sector of the space. 
By examining the fundamental biconformal brackets for these variables we 
obtain a relationship similar to the Heisenberg Uncertainty principle of stan- 
dard quantum mechanics. 

It is important to note that these results express certain measurable con- 
sequences of stochastic motion in a classical 8-dim biconformal geometry. 
The biconformal curvature and connections are determined from field equa- 
tions following by variation of an action linear in the curvatures. These facts 
give us the tools to ask meaningful questions about quantum gravity. Specifi- 
cally, any scale-invariant quantity involving the connection and curvatures of 
biconformal space is, according to postulate 2, an observable quantity. Fur- 
thermore, it is possible this development will have some connection to the 
results of loop quantum gravity, since loop variables are invariant quantities 
of biconformal space. These ideas will be the subject of further study. 

We began this investigation by considering a gauge theory of the con- 
formal group. It is interesting to note that all of gauge theory (including 
conformal) had its origin in Weyl's investigation into dilatational symmetry. 
The original Weyl theory was absorbed into quantum mechanics with the 
original scale freedom becoming invariance under unitary gauge transforma- 
tions |SI] . Both the Weyl and Schrodinger theory describe the same evolution 
of a field in time given a factor of i and the Kaluza-Klein framework used by 
London ^. We claim that dilatational symmetry remains a key to physical 
insight. 



25 



Appendix A. The conformal group 

The conformal group generators include Lorentz transformations, M^ = 
—Mba = r]acMI;, translations, Pa, special conformal transformations, K"^, and 
dilatations, D, satisfying the commutation relations: 

P K^ 



h ' 



[D,Pa 



- {vcbV^'^Pd - S^Pt) , 

-Pa ■ (49) 



Appendix B. ac-Representations 

The conformal Lie algebra has two independent involutive automorphisms 
[m. The first, 

ai : (M^ Pa, K\ D) -> (M,", -F„, -K\. D) 

identifies the invariant subgroup used as the isotropy subgroup in the bicon- 
formal gauging. The second, 

a2 : (M^ Pa, i^^ D) ^ (m^ -r/,,K^ -r^'^'P^, -D 

may be chosen to be complex conjugation to define ac-representations of the 
algebra. That is, if we assume the generators to be complex, ctc- representations 
have Pa and Ka as complex conjugates, while M^ is real and D pure imagi- 
nary. 

As an illustration of this property, notice that while both so(3) and su{2) 
have involutive automorphisms, the existence of a ac-representation singles 
out su{2). Thus, while 



[Ji, Jj\ 



^ijk'Tk , 



(50) 
(51) 



are both invariant under 

P ■ 
P ■ 



(Ji, J2, J3) -^ {—Ji, J2, —J3] 

in, T-2, T-3) -^ (-n, T2, -Tg) , 



26 



where [Jj\^j^ = £ijk and Tj = —^(Ji (where ai are the usual Pauh matrices), it 
is only with the complex representation that p = pc '■ 



(n, T2, ra) = (-Ti, T2, -Ta) = p (ti, T2, T3) . 

We provide two examples of conformal representations with this property. 
First, we consider the covering group, SU (2, 2), whose Lie algebra is isomor- 
phic to that of 0(4, 2). We note that due to the local isomorphism between 
Spin{4:, 2) and SU{2, 2), this algebra can be represented in a spinorial basis. 
We will employ the 4x4 Dirac matrices, with the following conventions. The 
Lie algebra su (2, 2) may be written in terms of Dirac matrices, 7°, satisfying 

{7^ 7'} = '^v"' = 2 Sag (-1, 1, 1, 1) , (52) 

where a,b = 0, 1, 2, 3. We also define. 



a'^' = -- 



7^7' 



(53) 

75 = i7°7S^7^ (54) 

where the full Clifford algebra has the basis, 

r G {l,^l,7^^7^^'^^^^"^757^^757^75,^75}• (55) 

The conformal Lie algebra may be obtained from this set by demanding 
invariance of a spinor metric [221 ? Q^ given by. 



Q = n°- (56) 

If we require, 

QT + rtg = (57) 

the generators of the conformal Lie algebra are found to be ^Tj, P^ . 

(58) 
(59) 

(60) 
(61) 
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ra 

b - 


= Vbc(T''\ 


Pa -- 


= -r/a6 (1 + 75) 7' 


i^« = 


= ^(1-75)7", 


D = 


1 

= -375. 



a 

b - 


- Af^ ,, 


Pa -- 


= VabK\ 


D = 


= -D 



Choosing any real representation for the Dirac matrices, 75 is necessarily 
imaginary and it follows that under complex conjugation, 

(62) 
(63) 
(64) 

so the action of ac is realized. 

Alternatively, we may write a complex function space representation of 
the conformal algebra as follows: 

1 / d d d d \ 

"^ - -2(-~°a?^-^"aF--S---ai:)' '''' 

It is straightforward to check that the Lie algebra relations are satisfied, 
while ac is again manifest. In both of these examples only the generators 
are complex - the group manifold remains real. 

In either of these representations, the Maurer-Cartan equations inherit 
the same symmetry under ac- In particular, the gauge vector of dilatations 
(the Weyl vector) is imaginary as further discussed in the text. To clarify this, 
we show the dilatations generated by an imaginary generator, D, nonetheless 
give a real factor as expected. 

First, consider su (2, 2) . Using a basis for the Dirac matrices in which 

D ^ -i7.^-i(-^» ,J. (69) 

", = ( , -' ) (70) 

we define the definite conformal weight spinors x^,'^'^ by 

1 



Dx 


= 


^X, 


Dtp 


= 


2^ 




28 





(71) 
(72) 



and immediately see 

e'^X = e^\, (73) 

e'^X = e-^^x- (74) 

For the complex function space representation of the conformal group, 
the dilatation generator takes the form 

d d 

D = z\ ^"^— . (75) 

In one dimension, setting z = re*''', it easily follows that, 

D = -i-^. (76) 

Therefore, in this representation, D measures the phase of a complex number. 
Homogeneous functions of z and z are then eigenfunctions and D measures 
the degree of the homogeneity. Thus, if 

fiz,z) = z^z' (77) 

then 

e^^/(z,z) = e(»-^)V(^,^) (78) 

so we indeed have dilatations, with the weight of the function encoded into 
the total phase. 

Similarly in multiple complex dimensions, we have 

d d 

D = z\ ^"^— . (79) 

SO we can build up eigenfunctions from powers of the norms, 

v/3 



Then 

DU.p = D [z^y" (z^y = {a-P) U.^ . (80) 

Notice that the Hermitian inner product, z^Za, is of weight zero, D {z"'Za) = 0. 
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Appendix C. Gauge transformations 

As mentioned in Appendix B, altliougli we work witli a complex valued 
connection, the gauge transformations remain real. In particular, although 
our Weyl vector is pure imaginary, the symmetry of the space remains dilata- 
tional (i.e., real scalings). By our construction, a local gauge transformation 
is given by 

A = M%A\ + DA°. (81) 

Note that A is complex since A^^, A° are the real parameters used to expo- 
nentiate the generators M (real) and D (imaginary), respectively. 
It follows that the gauge transformation of the Weyl vector is 

5uj = -dA°, (82) 

where A" is a real number. Therefore, it is possible to define a scale-covariant 
derivative of a definite-weight scalar field, 

Df = df + kuf, (83) 

where k is the conformal weight of /. To see this is, in fact, a gauge invariant 
expression, we perform a dilatational gauge transformation. The weightful 
function changes by a real scaling 

/' = /exp(M°) (84) 

while the Weyl vector changes by 

u' = u + 6uj 

= u-dA^. (85) 

We have, 

D'f = d{fexp{kA°)) + k{uj-dA°)f 
= exp{kA°)Df 

So the equation is covariant and the Maurer-Cartan structure equations are 
invariant under real scalings. Of course, in generic gauges the Weyl vec- 
tor is complex, but the invariance of the structure equations under gauge 
transformations guarantees consistency. 
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It is finally worth noting that regardless of whether the Weyl vector is 
complex or pure imaginary, 

exp ( f ^ I (86) 



remains a pure phase since the Weyl vector is pure imaginary in at least 
one gauge and the above expression is gauge invariant. Note that in a ac- 
geometry the complex Weyl vector can never be fully removed by a (real) 
gauge transformation. 
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Appendix D. First order solution to the structure equations 

The Cartan structure equations for flat crc-biconformal space are given 
by 

dut = ujIuj"^ + 2uj^,uj\ (87) 

du" = u^uj^^+ULO^ (88) 

duo = 2uj''Ua , (89) 

and their conjugates, where w" corresponds to translation generators, u is 
the Weyl vector, and uj^ is the spin connection, and we have utilized the 
structure constants of the Lie algebra (see Appendix A). 
A first order perturbative solution is given by 

^b = {s:vcb-s:veb)x'dx^ + {6:vcb-s:veb)y'dy', m 

uj" = {dx^' + idy" (91) 

+ (-^x-^xe + '- i^lx^y'^ - x'^ye) + \y''y)j {dx' - idy^)^ , (92) 

u = i{yadx''-xady^). (93) 
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